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case for geometric approximation of the boundary.
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Introduction

The Bogner-Fox-Schmit (BFS) element [6] is a classical C! thin plate element obtained
by taking tensor products of cubic Hermite splines and removing the interior degrees of
freedom that are zero on the boundary. In this paper, we consider a variant where we
retain these degrees of freedom to obtain a C! version of the Q3 approximation [23]. This
element is only C! on tensor product (rectangular) elements, which is a serious drawback
since it severely limits the applicability of the resulting finite element method. However,
on geometries allowing for tensor product discretization it is generally considered to be
one of the most efficient elements for plate analysis, cf. [24, p. 153]. It is also a reasonably
low order element for plates which is very simple to implement, in contrast with triangular
elements which either use higher order polynomials, such as the Argyris element [1], or
macro element techniques, such as the Clough—Tocher element [10]. The construction of
curved versions of these elements for boundary fitting can also be cumbersome, see, e.g.,
[5]. It should be noted that the use of straight line segments for discretizing the boundary
is not to be recommended, not only because of accuracy issues but also due to Babuska’s
paradox for simply supported plates, see [3].

An alternative to C! approximations for Kirchhoff plates is to either use discontinuous
Galerkin methods [8,15,17,22], or to use mixed finite elements for the Reissner—Mindlin
model with small plate thickness [2,4,12]. These C° methods alleviate the problem of
boundary approximation. In this paper we present an alternative idea where C! continuity
is retained: we develop a cut finite element version, allowing for discretizing a smooth
boundary which may cut through the tensor product mesh in an arbitrary manner. Adding
stabilization terms on the faces associated with elements that intersect the boundary, we
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obtain a stable method with optimal order convergence. We prove a priori error estimates
which also take approximation of the boundary into account. The focus of the analysis is
on simply supported boundary conditions, the computationally most challenging case.

The paper is organized as follows. In “The Kirchhoff plate” section, we recall the thin
plate Kirchhoff model; in “The finite element method” section we formulate the cut finite
element method; in “Error estimates” section we present the analysis of the method start-
ing with a sequence of technical results leading up to a Strang Lemma and an estimate of
the consistency error and finally a priori error estimates in the energy and L? norms. In
“Numerics” section, we present some numerical illustrations, and in “Concluding remarks”
section some concluding remarks are included.

The Kirchhoff plate
Consider a simply supported thin plate in a domain  C R? with smooth boundary 3<2.
The displacement u : Q — R satisfies

V.-(o(Vu)-V)=f 1)
where o (Vv) is the stress tensor
(V) = k(e(Vv) + v(1 —v) YV - (VW) =k(VR Vv +v(1 —v) L (AVI)  (2)

with €(Vv) the strain tensor

V) =(V)Q@V+VR®(Vy)/2=VRVy (3)
and « the parameter
Et3
=i v

with E the Young’s modulus, v the Poisson’s ratio, and ¢ the plate thickness. Since 0 <
v < 0.5 both  and v(1 — v)~! are uniformly bounded.
We shall focus our presentation on simply supported boundary conditions

u=0 onds, M, (u) =0 ondQ (5)
where the moment tensor M is defined by

M(u) = o(Vu) (6)
and My, =a-M-bfora, b e R2. Other conditions, such as clamped boundaries, can be
handled using the same techniques as in the following, cf. [15].

The weak form of (1) and (5) takes the form: findu € V = {v € H%(Q) : v = O on 92}
such that

alwv)=Iv) VYeV (7)
where
alv,w) = (6(Vv),e(Vw))g =« (VR VI, VR Vw)g + v(1 — v)*l(Av, Aw)q) (8)

and /(v) = (f, v)q. The form a is symmetric, continuous, and coercive on V equipped with
the H?(£2) norm and it follows from the Lax-Milgram theorem that there exists a unique
solution in V to (7). Furthermore, for smooth boundary and f € L? we have the elliptic
regularity

Il S Iflle )
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The finite element method
The mesh and finite element space
We begin by introducing the following notation.

o Let ’JN},, h € (0, ko), be a family of partitions of R? into squares with side 4. Let Vj, be
the Bogner-Fox-Schmit space consisting of tensor products of cubic Hermite splines
on 7}, Note that \7h|T = Qs3(T), with Q3(T) the tensor product P3(I1) ® P3(l») of
cubic polynomials where 7' =1} x I C R2,

« Let p be the signed distance function, positive on the outside and negative on the
inside, associated with 92 and let Us(2) = {x € R? : |p(x)| < &} be the tubular
neighborhood of 92 of thickness 25. Then there is §o > 0 such that the closest
point mapping p : U;,(02) — 92 is a well defined function of the form p(x) =
x — p(x)n(p(x)), cf. [14, Section 14.6].

o Let {Qy, i € (0, hol} be a family of approximations of Q2 such that 92, C Us,(92) is
piecewise smooth and

lollze@e, S H* (10)
In(p) — nyliz=@e, S W (11)

Furthermore, we assume that for each element 7 such that 9$2, intersects the interior
of T,ie. int(T) N 32y, # ¥, the curve segment 92, N T is smooth and intersect the
boundary 9T of T in precisely two different points. Let X, be the set of all points
where 92, is not smooth and note that the number of elements |X};| in A}, satisfies
EARSY

o LetT, ={T € ’fh : T N Qy, # 0} be the active mesh and Fj, the set of interior faces
in |7y. Let Ty be the set of elements such that T C Q N €, and let F,; be the set
of interior faces in 7y, ;. Let 7y, 5 = T;, \ 7p,; and Fy, g = Fj, \ Fy,;. For simplicity we
assume that

Q C Oy :=Ureq, T (12)

We can always satisfy this assumption by enlarging the active mesh 7}, if necessary.
« Let V}, be the restriction of V}, to 7;,. Let K, = T;, N §, be the intersection of the
active elements T with 2.

We illustrate some of these quantities in Fig. 1. Here, d€2y, is indicated by the dotted line;
Ty, is the union of all elements shown; 7 ; consists of the white elements and 7}, g the
grey elements. Kj, consists of the elements and cut parts of elements inside 3€2;, and Fj, 5
consists of all element sides on the grey elements excluding those without neighbouring

elements.

The finite element method
The method reads: find u;, € V}, such that

[Aplupv) = 1(v) W e V] (13)
The forms are defined by
Ap(v, w) = an(v, w) + Bsp(v, ) (14)

ap(v, w) = (0(Vv), €(Vw))g, + (T() whg, + (v, T(W))ag,

Page 3 of 20
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Fig. 1 lllustration of mesh definitions

+yh3 (v, W, (15)
su(n, w) = K(IV2, ), (V2 )5, , + H3(V2 0L, (V3 w)) 7, (16)
Ih(v) = (fv)g, (17)
where
T = (M : V)n + ViMye (18)

with sub-indices # and ¢ indicating scalar product with the normal and tangent of 9€2y,
and B, y are positive parameters which are proportional to k. Here sy, is a stabilization
form involving jumps of the second and third normal derivatives in the direction nf, the
normal to the element face, with

[v] == 161% (v(x + enp) — v(x — €nr))) (19)

which provides necessary stability at the cut elements, see (23). The bilinear form, apart
from the stabilization terms, stems from Nitsche’s method [20], first analyzed for plates
in a discontinuous Galerkin setting in [15].

Error estimates

Basic properties of Ay,

The energy norm

Define the following energy norm on V + Vj,, with V = H*(Oy,),

vl = IvIig, + BIVIE, + K ITW 50, +h°IvI5g, (20)

where
IVlig, = (o(Vv), e(Vv))g, (21)

and we employ the standard notation ||V||52h = 53 (v, v). In view of (8) we have « || V2V||§2h <
|||v|||%2h, where V/v is the tensor of all j:th order derivatives.
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Stabilization
The stabilization term provides us with the following bound

V% S IVVIlg, + w2, j=01,23 (22)

which follows from the standard estimate

p
IVIvIZ, S IV, + > R vk 2 (23)
k=j

where T7 and T are elements that share the face F, and v|7, € P,(T;), the space of
polynomials of order p. See for instance [16,19] for further details.

Continuity and coercivity
The form Ay, is continuous

Apvw) S WVIlwlly - vwweV+V), (24)

which follows directly from the Cauchy-Schwarz inequality, and for y large enough coer-

cive
2 S Apvv)  veV, (25)

Verification of (25)
We first recall the cut trace inequality

Wl3q,nr S A IVIE +RIVYIE  ve HN(T) (26)
see [25] for a derivation. For v € Vj | = V}(T) we have the standard inverse inequality

IVvllr SHIVIE ve VD), k=l (27)
which combined with (26) give the cut inverse trace inequality

Wl3q,nr SAHIVIZ  Vi(T) (28)

Now, using the inverse trace inequality (28), the inverse inequality (27), followed by the
stabilization estimate (22) we obtain

kK RINT W3, S R IVIZ 5a,) S €IVPVIT, 00, (29)

S eIV, + IvI2) S VI, + «IvI2, (30)
and thus there is a constant C, such that
K TPIT V)3, < Cellvilg, +«IVIE) (31)
As a consequence, [|v[l;, and ||Vl «, where
VI, = VIS, + BIVIE, + 42 1IvI5g, (32)
are equivalent norms on Vj,. We then have

Ap,v) = IVIIG, + BIVIZ 2T M), vag, + vh 3 Ivi5g, (33)
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> IVlIg, + BIvIZ, — sk ' P ITW) 3, + (v — 8 03 (Ivig, (34)
> (1= COIIVIG, + (B — cCd)IVIE, + (v — 87 ) |IvIl3g, (35)

and we find that taking § small enough to guarantee that 1 — C.§ > m > 0, 8 large enough
to guarantee that 8 — kCy8 > m, and y large enough to guarantee that y — § 1« > m
leads to A,(v, v) 2 IVII; , Z IV}

Poincaré inequality
We have the following Poincaré inequality

W2y S Wl v eVy (36)

Verification of (36)
Using the stabilization estimate (22) and the fact that 7, ; is covered by €2;, we have

2. 12 2. 12 2 2
V2113, < IV, + V12, < Ivi (37)

Next to estimate ||v||%)h we again use the stabilization estimate (22) and the fact that 7j,;
is covered by €,

VI 0, S WV g + VI, (38)
Let P1q : L%(Q) — P1(R2) be the L? projection onto the space of linear functions on 2.
Then for v € H*(R), and in particular for v € V}, C H*(2), we have the Poincaré estimate

v = Pravilmg) < 1VVIle (39)
and using the trace inequality [[wllaq S Wl (q) with w = v — Py qv, we obtain

v = Pravilag S v — Pravlimie S 1V%Vla (40)

Note that the constants are independent of the mesh parameter since 2 is fixed. We then

have
VI gy S 1T = PLo)viiFn gy + IPLvii g, (41)
S IV + IPLavig, (42)
SNV, + IVIE, + IvI5g, + 1T — Pro)vig, (43)
i<Iviiz i@SIvilln,

which together with (37) proves (36). Here we estimated term i using the stabilization

(22),
IV2vIg S IVPIG, SIVAIS, + IVIE, S IvIl; (44)

~

Finally, to estimate ii we recall the following technical estimate, which we prove in the
“Appendix” of this paper see also the appendix of [9],

Wll3g, S Iwle + 82 1Vwli, wano, W € H'(On) (45)

Page 6 of 20
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where § ~ K%, bounds the distance between 92 and 92, see (10). Note that the finite
element functions are defined on Oy, that contains both Q and 2, and V;, ¢ HY(Oy).
Setting w = (I — Py j,)v, using (40), the stabilization estimate (22), we obtain

1T = PLvilg, S 1T = Puville + 8 21VU = Puiviz, pano, (46)
SIVVIG +HIVE = Puviig, (47)
SIVIG +HUIVU = Prpvig + 1T = Puavig) (48)
SIVHIG + UVVIG + IvIZ) (49)
SV, + IvIE, (50)
S v, (51)

where we finally used (44) to estimate || V2v| o and the fact that [|(I — Pro)vlls, = Ivlls,.
This completes the verification. ]

Interpolation
Let I, : C1(R?) — Vj, be the standard element wise interpolant associated with the
degrees of freedom in V},. Then we have the estimate

v —Lvllgmery S B " Wligaery  m=0,1,2,3 (52)

To construct an interpolation operator for cut elements we recall that given v € H*(Q2)
there is an extension operator E : H*(2) — H*(R?) such that

IEVIsg2) S VIS (53)

foralls > 0, cf. [21]. For simplicity we will often use the notation w = Ew for the extension
of w € HS(R) to R2.
We define the interpolation operator

ClQ)sv LEY)=my eV, (54)

Combining (52) with (53) we obtain the interpolation error estimate

lv—mllgmz) S H " Wiy m=01,23 (55)

For the energy norm we have the estimate

v — 7nvlln < BV (56)

Verification of (56)
Let n = v — v and recall that

Inll; = Wnligy, + 12, + I TW5g, + 1 Inl3g, (57)

The first term is directly estimated using the interpolation error estimate (55),

1%, < K 1V, (58)

For the second term we employ the trace inequality

Iwli37 < HHiwll3 + 2Vl (59)
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to conclude that

3
I3, =Y W2 Vaenll%,,

j=2
3
j— — j j+1
) [\ /e T PPy 1 /] AP (60)
j=2

~.
w

<D O HTHIVINIE, + RV,
2

N~
w

SY TR R g S H VI g (61)
j=2

~.

For the third term we use the cut trace inequality (26) and the interpolation estimate (55),

ITM 30, S GV 0IT 0, +HIVIIIZ 6g,) (62)
S IV, + 1 IViIT, S H I (63)

where 7, (Fj, 5) C 7y, is the set of elements with a face in Fj, g. Finally, the fourth term is
estimated in the same way as the third,

W2 nlGg, S > Ml pg, + HIVIIZ, 6q,) (64)
S I, + B2 IValg, S H VI g (65)
which completes the verification of (56). m|

Consistency error estimate
Lemma 1 Let u be the exact solution to (1) with boundary conditions (5), and uy, the finite
element approximation defined by (13), then

Ap(p, v) = 1(v)
Not — wpllp < Nl — wpully +  sup (66)
veV,\{0} vz
Proof Adding and subtracting an interpolant we obtain
e — wplln < Nl — wpully + Nwnu — uplln (67)
Using coercivity we can estimate the second term on the right hand side as follows
Ah(nhu — Uy V)
Nzpu — uplly = sup ————— (68)
veV,\ {0} vl
< Ap(mpu — u, v) Ay(mpu — uy, v) (69)
veV,\ (0} vy veV,\{0) lvily
Ay, v) — I (v)
< lmwpu — ullp + sup (70)
veV,\{(0} vy

where we added and subtracted u in the numerator and for the first term used the estimate
Ap(mpu—u,v) < ||lmpu—ul|pllvil, and for the second used (13) to eliminate uj,. Combining
the estimates the desired result follows directly. O

Page 8 of 20
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Lemma?2 Letg € H*R?) andv € V + Vy, then

(V- Ml(p) - V), V), = M), €(VV))a, — Mun(@), Vav)agq, (71)
+ (T(@) v)oq, + ((Mue] v)x, (72)

where, for x € X}, (the set of points where 02y, is not smooth), [M]y is defined by
(Ml = M) 0 — M), (73)

with nf and t;c the left and right limits to tangent and normal to the discrete boundary
dQy, at x € Xy, In the case of C' boundary (v, (M) x, = 0.

Proof Using the simplified notation M = M(¢) and T = T(¢) for brevity we obtain by
integrating by parts

(V-M-V),v)q, =(M-V),v)ag, —(M-V,Vv)g, (74)
= (M - V), v)aq, — My, Vv)iq, + (M, €(Vv))g, (75)

Splitting Vv in tangent and normal contributions on 9€2;, we have the identity

(Vv, Mp)aqunt = (Vv Mun)aount + (Vev, Mug)so,unt (76)
= (Vuv, Mun)o,nt — (Vs VeMue)a,nt + (v Must - v)aaq,nt)  (77)

where we integrated by parts along the curve segments 92, N T', and v is the exterior unit
tangent vector to €2, N 7. Summing over all elements that intersect d€2;, we obtain the
identity

(Vy, Mn)SQh = (Vuy, Mnn)BQh - VtMnt)BQh + [Mnt])Xh (78)

Combining (75) and (78), we obtain

V- M- V)g, = (e(Vv), M)a, — (Vav, Mun)se, (79)
+ M- V), + VtMnt)BQh - [Mnt])Xh (80)
and setting T = (M - V), + V. M,,; we obtain the desired result. O

Lemma 3 Let u be the exact solution to (1) with boundary conditions (5), then there is a
constant such that for allv € Vy,

Ap(v) = L) S K Nl ey IVl % S B2 1l oy livil (81)

where ||v|ly, 5 is the norm

VI & = VI + IT03g, + 1 CIvi3g, < 4+ AV, (82)
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Proof Using the definition (14), the fact that s, (x4, v) = 0 for u € H*(2), and the partial
integration identity (71) we obtain

Ap(v) = I (v) = (M), €(VV))g, + (T(w), v)ag, + 1 T(V))sg, (83)
+yh 3w v)ag, — (V- (M(u) - V), v)g, (84)

= (Mun(u), Vav)ag, + (M), v) x, (85)

+ (w TW)ag, + vh 2w v)sg, (86)
=I+0+1I+1V (87)

Before turning to the estimates of I — IV we first note that for w € H(} (£2), with extension
to R? also denoted by w, we may apply (45) and the stability (53) of the extension that

IWl3g, S SIwllf, Slwli7n (88)

2
Us(59) S Wy 0200 < SWlk1g)

with 8§ ~ 4* Note that here we do not need to restrict the norms to Oy as in (45)
since the extended function is defined on R2. See [9, Appendix] for detailed derivations.
Furthermore, for more regular functions such that w € H>(Q) with w = 0 on 32, we may
strengthen the estimate as follows

Wli3e, S SIVWITa ey S 8% sup IVWiGe, S 8wl (89)
te(=4,8)

where 3Q; = {x € R?|p(x) = ¢t} for t € (—80, 89), are level sets of p, and again § ~ 4*. In
the last step we used a version of (45) to conclude that

2 2 2 2
IVwig, S IVWldg + Vw2, o)

S Wiy + 80l VWIT, a0y S Wl (90)

where we used a trace inequality on 2 and the stability (53) of the extension operator.

L. Using Cauchy-Schwarz followed by (89) with w = M,,,(u), we get

(Mun(W), Vav)agy, S 1Mun(@)llag, | Vavllag, < Sllullgaylivila 1)

Here we used the estimate

IVavlla, < Wviln (92)

which we derive by applying (45) with w = Vv,

IVavllse, S 1VVI5e, S IVVIGe +SIVVIT, aayno, 93)

< Wl + 81V, pono, < V1B, S IVIG (94)

where we used the trace inequality ||Vv|sq < IVVIig1 ) < VIl 2, and at last the
Poincaré inequality (36).

Page 10 of 20
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II. Using the assumption on the accuracy of the discrete normal (11) we have for each

X € Xh!
+ - + -
|[Mnt]| = Mnhth - M"hth = M”hth — My + My — Mnhth (95)
where the first term on the right hand side can be estimated as follows
M, = M| < \(ny — ) - M - gy + |- M - (g, — 1) S WP M| (96)
We then have
(M), V), < 1Ml V1 2, S 2 IM L, 1] 3,
S 2R M) o, 12 0] (97)
S M| ooy P IVl S Bl sy v Il (98)

where we used the fact that the number of elements, denoted by |}, |, in &, satisfies
|| ~ kL, and the Sobolev inequality [13] followed by the stability (53) of the
extension operator to obtain

M ooy S 12 g2y S Nlareay S Nl Fragezy < Nllfag (99)
and the estimate
hiviiy, SEIVIE - veVsy (100)

To verify (100) we shall employ an inverse inequality locally using a linear approxi-
mation of the boundary. To that end consider x € X}, and let B, (x) be a ball of radius
r ~ h centred at x. Let T, € 7}, be one of the elements such that x € 37, N 3,
and given v € V}, let v, € Q3(R?) be the extension to R? of vlT, € Q3(Tx) such that
VxlT, = V|1, Let T'x be a line through x such that ||o||zoo(r,nB, (x) S K2 Such a line
exists since 0€2 is smooth and linear approximation is of second order locally. We
then have

B, £ D0 Hv@lP <Y vl g, (101)

xeX), xeX)

where we used the fact that |T'; N B,(x)| ~ /4. In order to employ a local version of
(45) we define the cylindrical tubular neighborhood

Usx = Us, (p(Tx N By(x))) & € (0, 50] (102)

over p(I'y N By(x)) C 9K, where p : Us,(0Q2) — 9% is the closest point mapping.
Then there is §; ~ 42 such that 'y N By(x) C Us,,x and 92y N Us,,x C Us, x, since
I, is O(h?) accurate locally and 92y, is O(h*) accurate. We obtain

Vel s, S IValBeunus,, + 811V valll, (103)
< sl nus,, + 011 VvxlIZ, (104)

< Wlle,nus,, + 1V = V5,080 + 811 VVIE, (105)
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then we added and subtracted v in the first term, used the triangle inequality, the
inverse estimate ||va||%15 . S 1IVvellT, which holds since vy is a polynomial, and
Us, x C By/(x) for some ball of radius 7’ ~ A, and finally we noted that vy, = v on Tj.
Inequality (103) is an application of (154). Inserting (105) in (101) we get

vk, S D Wike,aus,, + Ve = ville,u,,, +311VVIE, (106)
xeXh
SIviGe, + D e =vidg,rw+ DO SIlVVIE, (107)
XEX), XEX),
iSHvIZ, iSH VIR o) HHH VIS,
S Wig, + 11V g + VIS, (108)
< EIvI, (109)

which establishes (100). Here we used the fact that the number of cylinders Us, y, y €
Aj, that intersect Uy, is uniformly bounded independent of x € A7 and & € (0, ho].
We also used certain estimates of terms i and ii, which we verify next.

i. Let 7y, = 7,(3Q2) N By (x)), F,» be the interior faces in 7}, ,, and sy, , be defined
by (16) with F;, g replaced by Fy, .. Using the estimate

lve = vI%,, SH VIS, (110)
which is a local version of (22) on the patch 7}, ,, we get

. 2 4 2 4 2
iS Y lve—vig, S HIVIE, SHIVIE, (111)

xeX), xeXy,

ii. We first note that

.. 2 2
i =Y 81IVviF, S 811Vl g,
xeX),

2 2 2
< 61(”VV”Nh(ﬁq(f)Qh))\Th(th) +h ||V||sh) (112)

where NV, (7,(321,)) is the set of elements that share a node with an element in
T,(32y,), and we used the stabilization. We can then choose 8 ~ & such that

Niu(Tr(0Qp)) \ Th(32p) C Us,(02) N Q2 (113)
We now proceed in a similar way as in (89),

2 2
INVING e g6 < 1YV, eone

S sup HlIVVIGg, S &20viiag, (114)
te(0,—82)

where we used the estimate (90) in the last step. Inserting (114) in (112) and
using that 8; ~ /4% and 8, ~ h, we obtain

ii S 81820VI17 gy + H2IVIG) S HoIVIGp g + B IVIE, (115)

Page 12 of 20
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III. Using (89) with w = u and recalling § ~ h*,

, TW))ag, < lullag, ITMlag, S Slull eI T0)llse, (116)
S S ull gy N T W) lag, S B ull ooy IVl (117)

IV. Proceeding in the same way as for Term I,

B3, v)aq, S H 3 ullag, IVlag, S 8h72lullgagylivise, (118)

S 8h3 P ull gagey Vil S B2 1wl gaey VIl (119)

Combining the estimates we find that

Ap(,v) = L) < Bl ey Vil + B2l ooy vl (120)
S E ull g oy vl (121)
which completes the proof. O

Error estimates
Theorem 1 The finite element solution defined by (13) satisfies

Nt — willn S I Nutll gy (122)

Proof Using the second bound of (81) in (66) followed by the interpolation error bound
(56) we directly get the desired estimate. ]

Theorem 2 The finite element solution defined by (13) satisfies

Il — unlle, S H*lullpag) (123)

Proof Adding and subtracting an interpolant and using the interpolation error estimate
(55) we have the estimate

lu —unllq, < llu—muulq, + llmhu — uyllg, (124)

< Wl sy + llmnu — upllg, (125)

In order to estimate ||7ju — uy|lq, we let ¢, € V}, be the solution to the discrete dual
problem

e, =Anvén)  YveV, (126)

Setting v = m,u — uy, we obtain the error representation

(mpu — up, V), = An(mpu — uy, é) (127)
= Ay(mpu — u, ¢p) + Ap(u — up, dp) (128)
= Ap(mpu — w, ¢y, — @) + Ap(mpu — u, @)

I 17

+ Au(u, on) — bu(dn) (129)
yiis
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Here ¢ is the solution to the continuous dual problem

V-0(Ve)-V)=v inQ  ¢=Mu@) =0 ondS (130)

extended to R? using the stable extension operator, see (53).

L.

IIL.

III.

Since ¢y, is the finite element approximation of ¢ we have the error estimate

o — dulln S H1dllpae) S Wl lle (131)

where we used elliptic regularity (9), which directly gives

Ay — wy, o — ¢) < Nl — wllilldn — Dl S B el o 19 Nl (132)

Using the fact that s;,(m,u — u, ¢) = 0 since ¢ € H*(RQ), the partial integration
formula (71), the Cauchy-Schwarz inequality, and the interpolation error estimates
we obtain

Ap(mpu — u, @) = (mpu — u, V), — (Vu(mpu — u), Mun(9))sg, (133)
+ (T (pu — ), §)og, + vh > (mpu — u, ¢)ag, (134)
< lmwpu — ulle, IV llQ, + 1 Va(mau — w)llae, |Mun(P)llag, (135)

+ 1 T (nu — w)llagy, ¢ laey, + vh > lmnu — ullag, |$lag,

(136)

S K ull oy 1V s, + 122 1l a0y | Moun(0) 192,
(137)
+ 12wl oy llllagy, + vA > H 2 ull g, Idllac,  (138)
S+ 1P 4 BV ull g, 1V e, (139)

N
Here we used (88) with § ~ /* followed by the elliptic regularity (9) to conclude that
M @llagy, < 821l S B I3 S K1V le (140)
and using (89) we obtain
pllagy, < 81l S A 1V, (141)
Using (81) we obtain

\An(, ¢n) — ( eyl S W1l sy ldnllinx S Bl el e, (142)

We used the estimate

Ipnlly, s S N — Dl 5 + MBI 5 (143)
S A+10)lgn — ol + el + IT@)5g, +h Clel5g,  (144)
S @+ BN + WBIG + 1+ A8 161174 (145)
S vy, (146)

where we used (89) to conclude that || T'(¢) ||§Qh +h0|¢p ||§Qh S (L+h7%6%) (16117, @
Collecting the estimates of Terms /—III completes the proof.
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Fig.2 Elementintersected by the boundary (dashed)

4
K}

Fig.3 Straight line approximation of the boundary (dotted) and triangulation for integration purposes

Numerics

Implementation

We consider two higher order approximations of the boundary: a piecewise cubic C°

approximation or a piecewise cubic C! approximation. The steps to create the approxi-
mate boundary are as follows.
1. The elements cut by the boundary are located, Fig. 2.

2. Straight segments connecting the intersection points between the boundary and the

elements are established, and the geometrical object inside the domain is triangulated
for ease if integration, Fig. 3.

The end points of the boundary segments and the inclinations at the endpoints (com-

puted by use of tangent vectors) is used to obtain a C! interpolant of the boundary,
Fig. 4. (This step is skipped in the case of a C° approximation of the boundary.)

4. The geometry is approximated by a cubic triangle, interpolating the exact boundary
(CO case) or the spline boundary (C! case), Fig 5.

Note that the approximation of the boundary may partly land outside the element. In

such cases, the basis functions of the element containing the straight segment is used also
outside of the element.

Page 15 of 20
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Fig.4 Cubic spline approximation of the boundary (solid line)

Fig.5 Isoparametric cubic triangle approximation of the geometry

Example

We consider a circular simply supported plate under uniform load p. The plate is of
radius R = 1/2 and has its center atx = 1/2, y = 1/2. Defining r as the distance from the
midpoint we then have the exact solution

) (G
u—=—— — — —_ p—
64k R 14+v R
see, e.g., [18]. The constitutive parameters were chosen as E = 102, v = 0.3,¢ = 1071,

and the stabilization parameters as 8 = 1072, y = 10%(2k + 2« v(1 — v)~1).
We compare the convergence in normalized (||u — uy||/||u||) Ly, H' and piecewise

H? norms in Fig. 6. These norms are computed on the discrete geometry, for simplicity
the straight segment geometry. The solid lines indicate second, third, and fourth order
convergence, respectively from top to bottom, and we note that we observe a slightly higher
than optimal rate of convercence of about O(/'/2) in all norms. We note that the continuity
of the approximation of the boundary seems not to be crucial as the convergence curves
are very close. In Fig. 7 we show an elevation of the solution on one of the meshes in the
sequence.
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Fig.6 Convergence in normalized L,, H', and piecewise H? norms

0.5

0.4

0.3

0.2

Fig.7 Elevation of the discrete solution on one of the meshes in the sequence

We also show the influence of the parameter 8 on a fixed mesh (coarse, 386 active
nodes). In Fig. 8 we show the condition number as 8 increases from its critical number,
the number for which the system matrix is singular. For lower values of 8 there are negative
eigenvalues in the system matrix. We note that as 8 increases, the condition number will
eventually increase again after an initial drop. In Fig. 9 we show the H' error which is
more sensitive to the increase in 8. We remark that this effect, however, does not affect
the convergence rate.

Concluding remarks

We have proposed and analyzed a cut finite element method for a rectangular plate ele-
ment, allowing for curved boundaries. The analysis shows that the method is optimally
order convergent and stable. Two different approximations of the boundary have been
tested, a standard cubic interpolation of the exact boundary and a cubic spline approxima-
tion leading to a continuously differentiable approximation of the boundary. Numerical
results and theory indicate that the continuity of the boundary approximation is not
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Fig. 8 Variation of the condition number as a function of g
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0.8
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Fig.9 Variation of the H' error as a function of g

crucial. With our method, the simple rectangular C! element has greatly increased its
practical applicability.
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Appendix: Some inequalities
Let w C 92 and define the cylindrical tubular neighborhood

Us(w) = {x € Us(0Q2) : p(x) € w} § € (0, 8] (147)

Let I'; and I'g be two surface segments in Us(w) with unit normals #;, such that the closest
point mapping p : I'; =  is a bijection with inverse pi_l : w — I'; and there is constant
such that

1 < min |n;(x) - n(x)| (148)
xel;

where n(x) = n o p(x). We can then define a bijectiong : 'y — 'y by g = pz_lp. For each
x € T'1 let I, be the line segment with endpoints x € I'; and g(x) € I'y. We then have

vix) = v(gx)) + / V,vds (149)

I

where we integrate along I from g(x) to x. Using the Cauchy Schwarz inequality we get

2
2 < 2 < 2 2
() < v (q<x>>+(/ vnv) <v <q<x>)+/1x1/1x|vnv|

L
< vz(q(x))+6f1 Vv (150)

Integrating over I'y,

20y < 2 2
/Flv (x)N/rlv <q(x))+s/n 19 (151)

< 2 2
< /F 00+ /S V] (152)

Here S = Uxer, I is the domain between the surfaces I'1 and I'y, and we changed coordi-
nates to integration over I'; and S equipped with Euclidian measure. We conclude that

IviIz, < VI, + 81IVviE (153)

In applications, it is of convenient to simply replace S by the larger domain Us(w).
Typical applications include taking I'y = w = 92 and I'1 = 92y, which gives

Vi3, S IVi5q + 81Vl (154)

Forv e V,wehaveS C Oy, = Urer;, T since we assume the QU 2, C Oy, and in particular
S C Us(0€2) N Oy, and thus we get

VI3g, S IVI5e + 81VVIE,pano, (155)
For v € H'(R), with extension to R? also denoted by v, we have S C Us(3$2) and we get

VI3, S IVI3e + 81V, pano, (156)
In this paper we have recall that 8Q;, C Us(9<2), with § ~ k%, see (10).
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