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marching tetrahedrons and cut-element stabilisation by means of extrapolation. For

discretisation structured and unstructured background meshes with Lagrange basis
functions are considered. We show numerically and analytically that the introduced
cut-element stabilisation technique provides an effective bound on the size of the
Nitsche parameters and, in turn, leads to well-conditioned system matrices. In addition,
we introduce a novel approach for representing and analysing geometries with sharp
features (edges and corners) using an implicit geometry representation. This allows the
computation of typical engineering parts composed of solid primitives without the
need of boundary-fitted meshes.
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Background

Conventional finite element methods (FEM) are an irreplaceable tool for the numerical
analysis of a variety of physical and engineering problems. They rely on a conforming
mesh which approximately matches the domain boundary and material interfaces. For this
reason, mesh generation is an essential part of the workflow in FEM-based analyses [1].
Although the procedure is well-established, often the use of a boundary-conforming mesh
can be limiting or even prohibitive. Fluid-structure interaction, large elastic deformations
and shape optimisation are some applications where mesh entanglement can cause severe
difficulties for conventional FEM.

In the last two decades or so, a number of finite element-based numerical methods
have been introduced in order to eliminate the need for boundary-conforming meshes.
Here, we restrict ourselves to immersed methods, also known as embedded of fictitious
domain methods, that operate with a geometry-independent mesh, in the line of [2—-6].
Since the mesh of an immersed domain method does not conform with the boundary of
the physical domain, one of these methods’ main difficulties is the application of boundary
conditions. Here, we choose Nitsche’s method [7] for the weak enforcement of Dirichlet
boundary conditions because it gives optimal convergence rates without incurring major
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implementation difficulties. Moreover, the use Langrange multipliers together with its
numerical intricacies, such as the fulfilment of the LBB-condition [8], are avoided. For
alternative approaches, see [4,9—14] among others.

A major difficulty of non-body-fitted methods is the accurate integration of the aris-
ing volume and surface integrals. Here, we make use of a tessellation concept which
allows to incorporate standard, Gaufl quadrature schemes. In the course of this develop-
ment, a technique is presented which enables the representation of sharp domain features
by performing constructive solid geometry (CSG) modelling directly on the embedding
mesh. This approach poses a clear advantage in comparison to the conventional methods
of geometry resolution because these sharp features are accurately reproduced and not
chamfered even on coarse meshes.

Another pitfall of immersed finite element methods is the loss of numerical stability in
cases where the intersection of a shape function support with the physical domain becomes
very small. This issue has been successfully addressed in the context of b-spline finite ele-
ments [6,12,15]. In this work, we build up on this concept of constraining critical degrees
of freedom and apply it to Lagrangian basis functions on unstructured meshes. Note that
Burman et al. [16] introduced an alternative approach, the so-called ghost-penalty stabili-
sation method, which is based on an augmented bilinear form. Strongly related to stability
are the method’s parameters and we show how to choose these parameters in the context
of the introduced stabilisation techniques.

The method we present here is based on our previous works [6,17-19] and related
to [2,3,16,20,21]. Although, as shown in the cited works, the method can be transferred
to many physical applications, we focus on the problem class of nonlinear elasticity.

Weak enforcement of boundary and interface conditions

At first, we present the derivation of the proposed immersed finite element method as
applied to boundary value problems from nonlinear solid mechanics. Using a weighted
residual technique, we obtain the weak form of the problem and give its linearisation.
Similarly, the expressions for material interface problems are subsequently derived.

Boundary value problems of nonlinear solid mechanics
Consider the boundary value problem for nonlinear elasticity in the reference domain
Q eR"™,n; =2o0rn; =3 (Fig. 1)

Q Qo \Q

D

Fig.1 Embedded boundary value problem. Domain € embedded into the domain Q with background
mesh
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—Div P(u) =f inQ
u =i onlp (1)
tu) =t only,

where u denotes the unknown displacement field, P is the first Piola-Kirchhoff stress ten-
sor, Div is the divergence with respect to reference domain coordinates, and £ (i) = P(u)n,
with # the outward unit normal vector to €2, is the boundary traction. The prescribed data
are the volume force f, the prescribed displacement i and the prescribed traction £. The
boundary of €2, denoted by I', is composed of disjoint sets, the Dirichlet boundary I'p and
the Neumann boundary I'y;, where the respective data are given.

In order to construct a weak form of the boundary value problem (1), a weighted residual
approach is taken with the test function v. In mathematical terms, we operate with the
Sobolev space H!(), i.e. the vector fields whose components are all in H'(£2), see, among
others, [8] for the precise definition. Different from conventional FEM, we do not employ a
constrained subspace with essential boundary conditions. The weighted residual method
thus becomes:

Findu € H\(Q)
R(u, v) =a(u,v)—/f~vd£2—/ i‘-vdF—/ t(u) -vdll =0
Q I'n I'p
Vv e H (), (2)

with

a(u,v) = / S(u): E(v)dS2. (3)

Q

Here, E denotes the variation of the Euler-Green strain tensor (E = %(F TF — I) with the
deformation gradient F) and § = F~1P the second Piola-Kirchhoff stress tensor [22,23].

In the applications section, we work with a compressible Neo-Hooke material with given
energy density W (E) and for this hyperelastic case, the stress tensor becomes

ow

S = SE (4)
Using a Newton method to solve the nonlinear Eq. (2), the k th iteration takes the form

DRu™, v)[Au] = —R@™,v) and u**V =u® + Au, ()
where D(-)[Au] denotes the derivative in direction of the increment Au, which reads

DR(u, v)[Au] = Da(u, v)[Au) —/F Dt(u)[Au] - vdI' (6)
with ’

Da(u, v)[Au] = /Q (Gradv): C(u): (Grad Au)dR2. (7)

In this expression, C denotes the effective elasticity tensor [22]. For simplicity, it is assumed
here that the prescribed volume and surface forces, f and £, are independent of the dis-
placement u (dead load case). If these assumptions do not hold, the directional derivative
of R(u, v) contains the derivatives of the applied force and traction terms. So far, expres-
sions (2) and, consequently, (5) do not take into account the displacement boundary
condition # = # on I'p. Therefore, the approach initially introduced by Nitsche [7] is
adapted here and the following two terms are added to (5)

—/ Dt(u)[v] - (Au — ir)dI" and y/ (Au — @) - vdD' (8)
I'p I'p
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with the predictor # = #& in the first iteration (or the appropriate value in the first iteration
of everyload step) and & = 0 otherwise, corresponding to a displacement-controlled New-
ton method. The scalar y > 0, necessary for numerical stability, is discussed in “Numerical
stability” section. In summary, the Newton step (5) including Nitsche’s approach to incor-
porate displacement boundary conditions reads

Da(u, v)[Au] —/

I'p

Dt(u)[Au] - vdl' —/ Dt(u)[v] - AudlIl
I'p

+y/ Au-vdF:—a(u,v)+/f~de+/ t-vdl
Ip Q Iy

+/FDt(u)ovd1"—/FDDt(u)[v]~itdF—|—)// i-vdl, 9)

I'p
where the iteration counter has been omitted for sake of legibility. The added terms (8)
are zero for the exact solution and therefore the method is consistent by construction.
Moreover, for hyperelastic materials expression (9) is symmetric and positive for the right
choice of y and non-softening material behaviour, see “Numerical stability” section. In
the following, we abbreviate (9) by

Alw; A, v) = L(u; v). (10)

Material interfaces

The formalism presented above for the weak incorporation of displacement boundary
conditions can be generalised to interface problems, see also [2,3,13]. For simplicity, let
the reference domain be composed of two subdomains, Q = Q7 U2, and let us ignore the
Dirichlet boundary conditions on d€2. The treatment of such conditions is here essentially
the same as in “Boundary value problems of nonlinear solid mechanics” section. We focus
only on the conditions imposed on the material interface I' = 9Q; N 929, see Fig. 2. In
each subdomain €; the local equilibrium reads

—DivP;(u;) =f; inQ;. (11)

Let u denote the compound displacement field, such that u|g, = u;, and define the
compound test function v similarly. Moreover, for any compound function g, with g|g, =
g;» the jump across I is denoted with

[e] =21 &> (12)
T
n
Q4 Qo
Fig.2 Interface problem. Rectangular domain € composed of two subdomains €7 and £, with common
interface I
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For later use, also a weighted average {g} is defined on I as

(g} =Bg, + 1 - Bg,, (13)

where 0 < B < 1is some weighting parameter yet to be discussed. On the interface I the
conditions are

[u] =u" and [t@)] =t", (14)

with prescribed jump functions #! and £!. These conditions represent the jump in the
solid displacements and the traction equilibrium across the interface. In more complex
situations, such as soft interfaces, a cohesive law can be imposed relating the interface
traction ¢" to the displacement gap [u], see [24]. Here, we assume that ! and ¢ are
prescribed and that they are independent of the displacement #. Note that in the evaluation
of the tractions £; the unique normal vector m = n; = —njy as shown in Fig. 2 is used,
where this choice is arbitrary.

Repetition of the steps as in the single-domain problem above yields the weighted
residual method for interface problems

Findu; € HY(Q;) i=1,2, such that

Ruv)= Y. (ai(u,-, Vi) — /Q | fi~vid§2) - /F [t() - v]dT =0

i=1,2
Vv, € HY(Q)). (15)

Now the integrand of the interface term is rewritten as follows

[tw) - v] = [Bt1(u1) + (1 — B)t2(u2)] - [v] + [(1 — B)v1 + Bva2] - [t(w)]
= {t@)}[v] + (1 — B)v1 + Bva] - "

employing the average term (13) and the interface conditions (14),. Using a Newton

(16)

method to solve the nonlinear problem (15) with (16) requires the directional derivative
DR(u, v)[Au] = Z Da(u;, v;)[Au;] — / {Dt(u)[Aul} - [v]dI. (17)
i=1,2 r

The interface condition (14); is now incorporated by adding terms akin to (8), namely
—/{Dt(u)[v]} - ([Au] — a")dr  and y/([[Au]] —ab) - [v]dr, (18)
r r

to expression (17). Again, the parameter y > 0 is yet to be discussed in the Appendix A
and we use the predictor &z = u' in the first iteration and zero afterwards. In summary,
a step in a Newton iteration to solve the coupled interface problem reads

Z Da;(u;, v;)[Au;] — /F{Dt(u)[Au]} - [v]dr — /F{Dt(u)[v]} - [Au]dr

i=1,2

+y/r[[Auﬂ [vldr = > (/Qifi vidQ — a;(u;, vi)) +/r{t(u)} - [v]dr

i=1,2
- / {Dt(u)[v]} - " dI" + / {@—Byvi + Bra)-£dl + y/ a' - [v]dr. (19)
r r r
Only the first two terms on the right hand side remain in the case of #! = 0 and ¢t = 0.

As before, this expression is represented by the equation A(u; Au, v) = £(u; v), see (10),
and we postpone the discussion of the parameters 8 and y to Appendix A.
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Immersed finite element method

Finite element discretisation

The linearised weighted residual Egs. (9) and (19) form the basis of a finite element dis-
cretisation. To this end, a domain Qg of a simple shape, typically rectangular, is defined
such that it fully contains the reference domain 2. The following finite element discreti-
sation is based on a triangulation of Qg instead of a geometry-conforming mesh of ©
itself (see Fig. 3). We use piece-wise polynomial basis functions ¢;(x) and write for the
approximated displacement field

W) = > wi (). (20)
I

There is no constraint on the chosen finite element space, but if the surface I" overlaps with
the boundary of the embedding domain (thatisif 'g = 'NJdQRg # @), it can be more con-
venient to use an essential treatment of displacement boundary conditions [8] along this
boundary. On the other hand, if non-nodal basis functions (like, for instance, higher-order
b-splines) are used as the finite element basis, the above presented weak incorporation of
the boundary conditions works perfectly well on this boundary part I'g too.

Let the support of the basis function ¢; be denoted by supp(¢;). Now all coefficients
y; from the approximation (20) are discarded a priori if supp(¢r) N Q = @. By S we
denote the set of the indices of the remaining coefficients and thus {¢;};es forms the
full basis of the immersed finite element method. This basis is in general not stable [25]
and requires further attention, which is given in “Numerical stability” section. Using the
approximation (20), we reach the final system of equations

Ax=b (21)
with the matrix and vector coefficients

Allng+a,]ng+ bl = Au; ey, e.9r)
x[Jng + bl = (Auy) - e (22)
bll ny + al = £(u; e,1)

for the zero-based indices /] € S, and using the coordinate directions 0 < a,b < ny
(n,4 being the spatial dimension of the problem) and Cartesian unit vectors e,. Although
this immersed finite element method seemingly leads to the same type of linear system
as a conventional, geometry-conforming FEM, there are technical differences which will
be discussed in the following: the representation of the boundary or interface I, the
quadrature of elements traversed by this boundary, and the stabilisation of the basis for

[

=

Fig.3 FE discretisation. Geometry-conforming (left) and immersed (right)
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such elements. The choice of the Nitsche parameters y and g is analysed in the Appendix
A.

Above expressions hold analogously for interface problems. The main difference is that
the two fields #; and u; are approximated in fashion of (20) independently on the same
background mesh of 2 which encompasses both sub-domains 21 and €22. Consequently,
the elements which are traversed by the material interface approximate both fields since
the FE shape functions of the entire element are used even though the fields are only
defined up to the interface on their respective side of the domain. Using two sets of shape
functions on these elements allows us to represent a discontinuous derivative of the FE
solution and can thus be compared to the element enrichment of XFEM [11]. A good
illustration of this implementation detail can be found in [2].

Signed distance functions

The weak forms introduced in “Weak enforcement of boundary and interface conditions”
section allow us to work with a finite element discretisation which is independent of the
geometry, but still the volume and surface integrals, [,(-)d$2 and [.(-)dT’, need geometry
information. To this end, we classify the elements (for instance the quadrilaterals in the
right picture of Fig. 3) by their location with respect to the physical domain 2. If 7; denotes
any such element, we have the three cases:

1 71 N Q = ¢, the element is completely outside of 2 and can be ignored,

2 17 N Q2 = 77, the element is completely inside and its treatment is straightforward as
in any geometry-conforming FEM,

3 7 NI # ¢, the element is traversed by the domain’s boundary and requires special
consideration.

Note that elements adjacent to the boundary of the embedding mesh (for instance the left
or bottom boundaries in the right picture of Fig. 3) technically fall into the third category,
but do not pose any difficulty apart from the identification of the element faces which lie
on that boundary.

For above classification it is sufficient to have an oriented representation of the surface
I' = 9. Therefore, the surface is either closed or assumed to be extended beyond the
boundaries of Q0. Here, we assume that I is either given analytically or is approximated
by means of a surface mesh composed of surface elements oy,

J

In order to avoid the tedious task of intersecting volume elements 7; with surface elements
oy, an implicit geometry representation is introduced. Therefore, the signed distance
function [26] is used which is defined as

‘ . ' 1 ifxeQ
distr(x) = s(x) min |x — y|, with s(x) = (24)

yer -1 ifx¢ Q.
In case of interface problems as introduced in “Material interfaces” section, the above
definition of s(x) refers to ©2; and 2, instead of Q2 and its complement Q \ Q. If " is
represented by a mesh I'#, the signed distance function distp, with respect to this mesh
is used instead. Moreover, only a piece-wise polynomial approximation of this function is

used



Ruberg et al. Adv. Model. and Simul. in Eng. Sci.(2016)3:22 Page 8 of 28

distf(x) = > dxgx(x) with dx = distr(xx), (25)
K

where ¢ are the nodal finite element shape functions (not necessarily the same as in the
approximation (20)) and the coefficients dx represent the value of the signed distance at
the finite element nodes x.

The representation (23) can be of higher polynomial degree, given by NURBS patches
[1,14,27] or subdivision surfaces [28,29]. But the computation of the coefficients di in (25)
and the quadrature described below are non-trivial tasks if the o7 have a degree higher
than linear simplex elements (straight lines in two or flat triangles in three dimensions).
In that case, the computation of the distances di requires the solution of nonlinear
equations, see, for instance, [30]. In the rest of this work, the oy are always linear (1n; — 1)-
simplex elements. Moreover, once only piece-wise linear elements are used for the surface
representation (23), the optimal convergence rate of any higher-order method is impeded
by this geometry approximation error, see [8].

Figure 4 shows a two-dimensional example where the boundary is composed of three
parts: I'g is the part of the boundary of €2 that coincides with the box boundary 920 and
does not require any special attention; I'; and I'y are separated parts which are immersed
in the background grid. For the computation of the distance function distr, it is convenient
to treat I'; and I'y separately as shown in the figure. The final distance function is then
composed as the minimal value of these distances,

distr(x) = min (distr, (%), distr, (%)) . (26)
I T T T 1]
Q Qo\Q
\ ]
\
s I’ ~
o e I O B iy, §
\ ———— N\
r 3 M e —— AT
. /-1 J \\ NS T/ ] // /}
| T ~——1 | | 1—
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Fig.4 Distance functions of a composite boundary. Geometric constellation (top left), distance functions of
the boundary parts I'y (top right) and T'; (bottom right), composite distance function disty (bottom left)
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See also [31] for arithmetic with distance functions. Figure 4 shows the iso-curves of
the individual distance functions distr; as well as of the composite function distr. The
extension of this approach to a larger number of immersed surfaces is straightforward.

Once the function distr has been determined, the above classification of volume ele-
ments 77 is carried out by means of the nodal values dx of the distance function: if all
di of the element 7y are strictly positive (negative), the element is inside (outside) of the
domain. If a change in sign of the di occurs, 77 is traversed by the immersed boundary I'.

It remains to outline how the coefficients d for a given surface are computed. In case of
an analytic surface representation by an implicit function, these coefficients are calculated
directly. In case of an immersed surface mesh, one needs to find the surface element oy
which contains the point x} closest to x, see for instance [32] for such basic primitive
tests as the closest point on a triangle to a point. With the knowledge of the closest element
o, it can be decided if xk lies on the positive or the negative side of this element in order
to determine the sign s(xx) as defined in (24). This decision is based on the premise that
the surface mesh is well oriented. Note that, when the closest point falls on an edge or
a vertex, ambiguities can arise for the decision if a point is inside or outside the surface
mesh [26], see the case shown in Fig. 5.

At the acute corner in the figure, the region of points whose closest point is the vertex B,
is delimited by the outer cone. For all points in this cone, o1 and o, are possible choices as
closest surface element. The cone contains the region ‘a’ in which the points are all outside
with respect to both elements. The points in region 'b’ are outside with respect to one of
the possible closest surface elements and inside with respect to the other. Hence, for this
region the mentioned ambiguity can occur. One solution to this problem is to introduce
angle-weighted vertex normal vectors [26], but this requires extra data structures. Here
we choose the simpler approach shown in Fig. 5: the point xx has a larger distance to the
extension plane of o, than to the extension plane of o1. This distance is given by the inner
product of the element normal vector and the distance vector between the considered
grid point and the closest surface point (here, B). Choosing the element with a larger value
of this distance resolves the ambiguity. The method is also used in three dimensions with
the only difference being a larger set of candidates as closest elements.

Finally, we consider the numerical complexity of the distance function computation. If
there are NT elements in the surface mesh and Ng nodes in the volume mesh, a brute-

Fig.5 Signed distance computation in the region of an acute corner. The grid point xx has the vertex B as
closest point on the surface, but it lies on opposing sides with respect to the adjacent surface elements o
and o;; based on the larger distance to the tangent planes of the surface elements o;, the element o7 is
chosen to determine the outside position of the point xx
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force approach requires Nr x Ng, closest point computations. In many cases, this number
can be substantially reduced by precomputing a bounding box [32] of the surface I'”
and assigning a default value for the dx of nodes outside of this box, but the essential
complexity remains of order O(Nr x Ng). Complexity reduction is possible by gener-
ation of a hierarchy of bounding boxes [32] or using so-called marching methods, see
e.g. [33].

Constructive solid geometry modelling

Now, we consider a different approach for integrating finite element analysis with geomet-
ric design, similar to the ideas presented in [34]. Specifically, we consider the construction
of a three-dimensional geometry by means of CS@, see, for instance, [35,36]. An example
of such a modelling process is given in Fig. 6, where one begins with a cube as a workpiece
and performs set operations with other geometric primitives until the desired geometry is
obtained. These operations are commonly union U, intersection N, subtraction\and the
set complement ()C. Based on De Morgan’s laws [36], it suffices to work with the canonical
operations intersection and complement, and represent the other two as compositions
thereof, more precisely AUB = (AL N BLYC and A\B=AnN BE.

The conventional finite element approach is to work through such a CSG pipeline,
export a geometry representation and use a mesh generation software to create a body-
fitted volume mesh for the numerical analysis. The direct modification for an immersed
finite element method is to export a surface representation of the geometry and embed this
into the mesh by the methods described in “Immersed finite element method” section.
Here, a third way is suggested in which the set operations are directly applied to the
embedding (non-conforming) volume mesh. As outlined above, it suffice to provide the
complement and intersection operations only. The former is trivially achieved: the use of
a signed distance function generates an in- and an outside partition of the mesh, reversing
these partitions gives the complement. For this reason, all that need be explained is the
intersection operation.

A simple two-dimensional example in Fig. 7 demonstrates the intersection operation:
first the intermediate domain 2; is given via the distance function of a straight line I'y,
afterwards a second distance function to the line I'; yields the final domain Q@ = {x €
Qn: distr, (®) > 0and distr,(x) > 0}. For sake of clarity, let us discuss the individual
steps in this picture. First the line I'; is embedded into the shown 3 x 3-grid which fills
out the square domain Q. The elements tjg are strictly inside the intermediate domain
Q1 = {x € Qq: distr, (x) > 0} and form the set II;. The elements 7, are strictly outside
and form the set O;. Now, the remaining elements form the set C; and are triangulated
such that the embedded boundary is approximated by triangle edges. The squares are first

g ‘:
)

Fig.6 Pipeline of a CSG process. Intersection of a cube with a sphere and removal of three intersecting
cylinders
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distp; <0
distp; <0 distp; <0
distp, <0

702 T12 T22 702 T12 T22 e

I /> ry Tio

701 T11 21 T01 T11 T21

distp, >0
distp; >0 distp, <0
distp, > 0

700 T10 20 700 T10 720

I=0 NI, O=0; Uy,
L = {rio}, O1 = {72}, C1 = {71} I = {ms}, O1 = {70}, C1 = {ru:} C = (C;NTy) U(I; NCy) U(Cy UCy)

Fig. 7 Intersection process. Domain partitioning and element tessellation for a straight boundary I'y (left),
resulting constellation for intersection with another line I'; (middle); for comparison see the result of the
immersion based on the composite distance function (right)

subdivided into two triangles each and then every such triangle is intersected by means
of the nodal values of the signed distance function distr, [37]. The resulting outcome is
the left picture in Fig. 7 where the red square-shaped marks indicate the location of the
intersection points.

In the second embedding step, the distance function distr, is used which gives rise to
the element sets [, @y and C;. All elements which belong to the outside are directly
assigned to the complementary domain Q\2, that is O = O; U Q5. On the other
hand, all elements of I;, which also belong to I, are inside the final domain €2, hence
I =I; NIy = {rg0}. Finally, there are the intersection cases. Elements belonging to C; and
I (t21) keep their status and sub-division. Elements from I[; and C; (t;9) are subject to the
same decomposition methods as C;. It remains to discuss the situation of the elements
which belong to C; N Cy; the ones which are intersected by both boundaries, and in our
example of Fig. 7 this is the element ;5. In this case, simply the composing triangles are
intersected with I'y as if they were elements of their own. Proper categorisation of these
simplex shapes defines the final domain © and its complement 25\, see the middle
picture of Fig. 7.

The advantage of this approach becomes clear when looking at the right picture of
Fig. 7. Shown is the result for the same target domain €2, but first the composition of
the individual distance functions distr; is computed according to expression (26) and
then the element intersections are constructed. Clearly, in the right picture the corner is
chamfered whereas in the above outlined approach this geometric feature is preserved.
This is the distinctive characteristic of the presented idea: by successively embedding the
geometry primitives into the mesh, the sharp features at the primitive intersections are
preserved. It is important to remark that the boundaries I'; have been represented exactly
in this example, but this is solely owed to the fact that they are straight lines. In the more
general situation of curved boundaries, they are again represented on the finite element
mesh by piece-wise linear simplex elements. But, even though these surrogate boundaries
do not exactly reproduce the given geometry, the here presented approach still allows to
represent corners or edges at the intersection locations of the original primitives which
lie inside of the finite elements.

The presented method for CSG modelling based on finite element meshes is straight-
forward to extent to three dimensions. In the plane case outlined so far, the rectangular
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elements are subdivided into two triangles which themselves are triangulated in order
to recover the implicit surface in the form of triangle edges. This approach is akin to a
two-dimensional version of marching cubes and in three dimensions we make use of a
similar technique. The used three-dimensional element shapes are either tetrahedrons
or hexahedrons. Figure 8 shows how a hexahedron is decomposed into six tetrahedrons
such that it remains to consider this shape only. Given a tetrahedron with values of the
signed distance function at its vertices we can classify the cases shown in the right part of
the figure. Based on linear interpolation along the edges the zeros of the distance function
are recovered and give rise to two volume tessellations 7;” and TI+ whose common faces
form the triangulated surface o7. Using these decompositions, the above outlined inter-
section operations of two geometry primitives can be carried out analogously in three
dimensions.

Alternative approaches for increasing the quality of implicit geometry representations
in the vicinity of sharp features (such as edges and corners) exist. In [38] the operations
of surface reconstruction by means of marching cubes and the distance function com-
putation are combined in order to generate a so-called directed distance field allowing
for a better resolution of surface features. On the other hand, enriched distance func-
tions are presented in [39] where additional edge and vertex descriptors augment the
distance geometry representation. Although both approaches are promising concepts in
the context of immersed finite element methods, they are not further considered in this
work.

We conclude this paragraph by noting that the here used tessellation techniques also
help to construct numerical integration schemes for the elements that are traversed by
the boundary or interface. The cut elements are general polytopes for which quadrature
rules are not easily obtained. There are many techniques that address this problem, such
as moment-fitting [40], surface-only integration [41], and adaptive decomposition of the
integration region [14,42]. But since we have a tessellation in simplex shapes already
available, we use composite Gauf type quadrature rules, see e.g., [11].

Numerical stability

Up to now, it has been shown how to derive an immersed finite element method for
boundary value and interface problems, see (9) and (19), and how to compute the matrix
coefficients of the linear system of equations. But the stable solution of this final system
of Eq. (21) remains to be discussed, especially in view of the method’s parameters y (for
boundary value and interface problems) and 8 (for interface problems only).

Fig.8 Element subdivision. Decomposition of a hexahedron into six tetrahedrons (left) and the fundamental
cases of distance function values
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Sources of instability

As an illustrative example, consider a one-dimensional problem
—au' =f xe€(0x)
u=20 x=0 (27)
au' =0 or u=0 x==x

for the domain 2 = (0, x;) and a constant material parameter «. The boundary conditions
are a prescribed value of # = 0 at the left end and either a zero derivative (homogeneous
Neumann) or a zero function value (homogeneous Dirichlet) at the right end. Let Qg =
(0, 2/) be the embedding domain and two linear finite elements of size /1 are used for
the discretisation, see Fig. 9. First, we consider the case with a homogeneous Neumann
boundary condition at the right end. The left-side boundary condition is going to be
incorporated essentially and the system matrix becomes

KNzg(hl—s —8)' (28)
h —& £

Obviously, for ¢ — 1 this matrix recovers the standard finite element matrix for this
problem with its known properties. The eigenvalues of this matrix have the values

A = ;‘—h [1 26+ 482 + 1] , (29)
Clearly, the smaller eigevalue goes to zero for the limit ¢ — 0, thatis the case of a vanishing
cut element. As expected, the matrix Ky is ill-conditioned for this limit.

We now turn to the Dirichlet case and evaluate the left-hand-side of expression (7) for
this simple test problem. The resulting stiffness matrix has the form (replacing the surface

integrals by point evaluation at x;)

h (1+s —s) (5—1 1—8) (s—l —s)
—Kp = — _
o —& £ —& e 1—¢ e
hf(l—g)?2 e1—¢)
y;( el —¢g) g2 ) (30)

Note that the expression for the system matrix has been multiplied by the factor g
The expressions of the eigenvalues of Kp are not easily determined, but the condition
det(Kp) > 0 is more workable. Note that since the trace of the matrix is positive and
equals A1 + Ay, the condition of a positive determinant (recall det(Kp) = A1) is sufficient
for positive definiteness. One gets

1 (eyh o
det(KD):—2 L—l 14+e)>0 = y>—. (31)
h o he
$o P1 P2
vJ: I- d
xo 1 Te T2
0 L (1+o)h 2h
Fig.9 One-dimensional test example. Two linear finite elements with the right boundary inside the second
element
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Fulfilment of this condition guarantees that the matrix is positive definite for a fixed mesh
size /1, but unfortunately it implies y — oo for ¢ — 0. The use of a very large value for y
can lead to undesired numerical problems.

In the case of the interface problems and formulation (19), the situation is slightly better.
The extra parameter 8 can be adjusted in a smart way such that a finite value of y is always
achievable. Such a choice is proposed in [43] where 8 depends on the material parameters
of the subdomains and the sizes of the cut elements, |77 N Q;|. Using this approach, the
system matrix has always positive eigenvalues (for the considered problem class) with a
finite value of y. Nevertheless, the minimal eigenvalue goes to zero for vanishing sizes of
the cut elements. Even though the parameter choices by [43] show a good performance
in terms of the quality of the numerical results, the matrix condition number still cannot
be bounded for a fixed mesh and arbitrary interface locations.

Stabilisation

The above indicated sources of numerical instability all stem from the same situation that
for some degrees of freedom, the intersection of the support of their associated shape
functions with the physical domain becomes very small,

s; = | supp(er) N Q| K h, (32)

where supp(¢;) denotes the support of shape function ¢; and # is a measure of the mesh
size on Qq. In all above cases, Neumann, Dirichlet, or interface problem, this leads to
severe ill-conditioning of the final system matrix. To solve this problem, the following
approaches have been proposed, among others,

S-1 Discarding all degrees of freedom with support intersection below a certain thresh-
old, s; < &h;

S-2 Adding a face-based stabilisation term [16];

S-3 Constraining degenerate degrees of freedom [6,12].

As reported, among others, in [12], the approach S-1 leads to a loss of approximation
order. Although appealing due to its simplicity, this drawback can be prohibitive in some
applications. An ad-hoc approach to remedy the stability problem is to locally adapt the
finite element mesh in order to avoid the problem of too small values of s;. Even though
simple at first sight, a robust realisation of this idea in three dimensions is not straight-
forward and mesh entanglement needs to be avoided. The support size s; is increased if
specific nodes are moved away from the surface I', but there is an interesting alternative
in which the points are snapped to the surface thereby generating a conforming mesh,
see [44] for two-dimensional analysis of this idea.

Another approach, S-2, is proposed in [16] where the jump of the function gradients
across certain element faces is added to the weak form in order to guarantee stability
of the method. Other than the result (31), the system matrix stays well-conditioned for
small values of y in the limit ¢ — 0. This approach requires to evaluate surface integrals
over interior mesh faces, a technicality which requires additional data structures in many
codes, but does not add much to the overall difficulty of implementing an immersed finite
element method. Nevertheless there is a drawback with this approach, since it introduces
another weighting factor whose adjustment is not straightforward: for too small values of
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this factor the stabilisation effect disappears and for too large values the method’s accuracy
is affected [16].

Finally, we consider S-3 which relies on the concept of coupling degrees of freedom with
too small supports to other degrees of freedom from the interior of the domain. In order
to outline this approach, the degrees of freedom shall first be classified according to the
size s; of the intersection of their support with the domain, as defined in (32). In “Finite
element discretisation” section, the set S has been introduced which contains all indices
of shape functions for which s; is larger than zero. Introducing a threshold 3, the set S is
now decomposed into the disjoint index sets, A and B with definition

A={Ie€S:5y>8 and B={I€S:s <53}. (33)

The threshold § used in this classification has to depend on the mesh size / and should not
be larger than one typical element size. The basic idea of Hollig et al. [12] is to constrain
degrees of freedom from the set B to suitably chosen degrees of freedom from A(J), a
subset of A,

VieB: u = Z cyug (34)
IeA(J)CA

where the coefficients ¢y will be discussed further below. These constraints give rise to
the modified shape function basis

uh (@) = D wierx) + D uygy(x)

IeA JeB

=Zu1§01(x)+z Z cxyuk | or(x)
IeA JeB \KeA())

=D w|e@®+ D g | =D won). (35)
IeA JeB() IeA

In this reordering of the finite element approximation (20) a new set B(/) is used which
contains all indices J from B, such that I € A(J). For the implementation of this sta-
bilisation method, it is sufficient to work with expression (34), but the result of (35)
demonstrates that effectively a modified shape function basis {¢;};ca is generated and
illustrates the notion of extended splines as given in [12]. Note also that B(/) = ¢ for all
degrees of freedom that are not in the vicinity of the boundary and in that case ¢ = ¢y,
so that most shape functions are not affected. Since the support size of the basis functions
@y is larger, the bandwidth increases for these degrees of freedom. Therefore, it has to
be remarked that only degrees of freedom in the vicinity of the boundary are affected.
Moreover, the storage requirement of the final system matrix is of course not larger than
it would be for the original (unstable) basis functions ¢y.

There are two open questions when using this approach: (i) the choice of the index set
A(J) associated to J and (ii) the values of the constraint weights ¢j;. The origin of this
approach, as introduced in [12], is to stabilise b-spline discretisations. In this particular
situation, the underlying mesh is logically Cartesian and an explicit expression of the
coeflicients ¢y can be given as a function of the multi-indices used to label that grid.
See also [6] for a more intuitive interpretation of the arising extrapolation of Lagrange
polynomials and its efficient implementation. The aim of this stabilisation procedure is to
maintain the convergence order of the method and therefore to not lose the polynomial
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approximation quality of the approximation (20) due to the constraints (34). In other
words, the modified basis functions @; introduced in (35) have to represent the same
polynomials as the ¢; themselves.

In order to outline the procedure for obtaining A(/) and the corresponding coefficients
cyy, consider the situation depicted in Fig. 10. The degree of freedom uy, ] € B, resides
at node &7 and the size of the intersection of the support (hatched in the picture) with
the domain €2 is below the threshold $. Searching through the elements in the vicinity of
x7, one finds the element 7x ;) whose connected degrees of freedom all belong to A. Any
element entirely inside the domain €2 fulfils this condition. Normally, many such elements
can be found and the closest is selected, where the distance between the element middle
point and «x; is a possible way to measure the proximity. The selected element tx () gives
rise to the index set A(J) C A associated with u;. Formally, we can write

A(J) = {I € A: supp(er) N k() # 9} (36)

Once this set is defined, the weights cj; are calculated by evaluation of the basis of tx ;) at
the node #,

VI € A(J): cy = @r(x)). (37)

This choice of weights is an extension of the idea given in [15] where the weights are
defined for non-uniform b-splines as dual functionals applied to the polynomials in a
chosen grid element. Here the point evaluation of (37) is the corresponding dual functional
of Lagrange polynomials [8]. Note that x; ¢ Tx () and thus ¢y represents an extrapolation
of the polynomial basis spanned in 7x(;) to the outside point x;, see also Fig. 10. The
stabilisation procedure can be summarised as follows

1 categorise A and B using a threshold 3, see (32) and (33)
2 forallJ e B

« find 7 () with all degrees of freedom from A that is close to x;,
« define the constraint coefficients as cjy = ¢;(#y) for all 1 € A(J)

3 assemble the final system of equations using the constraint equations (34) applied to
test and trial spaces

4 after solving the global system, calculate the constrained degree of freedom u; with
J € B according to (34).

Fig. 10 Cut-element stabilisation on a triangular mesh. Node «; is the location a degree of freedom u,
J € B and the element () is used for constraining u,
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With respect to the implementation a few remarks have to be made. The code has to
be able to search the elements in the neighbourhood of a given node. For instance, the
element 7x () in Fig. 10 does not lie in the support of ¢; but in the ring of elements around
that support. Theoretically, for very extreme shapes of I' the nearest 7x () to x7 could lie
far away, but here we assume that the mesh is fine enough such that there is always an
element nearby. Cusp-shaped domains are excluded from the onset. In addition, one has
to evaluate the shape functions of 7x(;) at ;7 and this requires to find first the reference
coordinate &; (outside of the reference element) such that the geometry representation of
the chosen element represents x; when evaluated at this coordinate, that is xx(7)(§;) = %;.
Here we restrict ourselves to meshes in which all elements are an affine transformation
of the reference element. Higher-order geometry representations of the volume mesh
are excluded, but they are also not necessary since the mesh, by design of the immersed
method, need not conform to the geometry of 2.

Numerical examples

Atlast, a few numerical examples are presented in order to study and demonstrate the per-
formance of the immersed finite element method as presented here. Unless indicated oth-
erwise, the spatial discretisation of all problems is carried out with linear finite elements.
As shown in the appendix, the Nitsche parameter is chosen as y = y} with the mesh
width %, the representative material parameter o and a dimensionless scalar yy. The default
choices for this parameter is Y9 = 10 and for interface problems the additional parameter
is chosen as 8 = 0.5. The threshold $ used to distinguish between the degree of freedom
sets A and B in the stabilisation of “Stabilisation” section is set to the size of one element.

Convergence and robustness analysis

At first, the method’s performance under variation of various parameters is assessed.
For this purpose, an essentially one-dimensional Poisson problem is used as depicted in
Fig. 11, left, with a forcing function f(x) = &2 sin(ex1) and o = 237”5 The resulting exact
solution is then u(x) = sin(ax). The signed distance function is distr (x) = x5 — x; and
the boundary is represented exactly. At first, this problem is analysed using a structured
mesh as shown in the figure. Figure 11, on the right, shows the analytic solution (solid

Oou =0
(<)
3
Il =
z S
S °
° :
Il _alluzf(xl) o 3
3 ° )
=]
w0
13 ]
Il g
3
Ou=0
| zs | 0 0.2 0.4 0.6 0.8 1
1 =0 1 =1 coordinate x;
Fig. 11 One-dimensional problem. Setup (left) and a comparison of exact with approximate solution and its
derivative for xs = & (right)
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black line) along the x;-axis and its derivative (dashed line) for a boundary location at
x5 = g. The approximations # and 814" for a mesh with 5 x 5 elements (red) and a
10 x 10 element (blue) are also displayed. One can see that the numerical approximation
u" coincides with the analytic solution at the finite element nodes and, moreover, at the
boundary location at x;.

The convergence of the method is shown in the left of Fig. 12, where the numerical
errors in Ly-norm and H'!-seminorm are shown for an approximation with linear and a
quadratic Lagrange polynomials. These results exhibit the expected optimal convergence
rates [8]. In this graph, the boundary location is held fixed at x5 = g and the mesh width
h is decreased. On the other hand, the right side of Fig. 12 shows the smallest and largest
eigenvalues of the system matrix in dependence of the boundary location for a non-
stabilised implementation and for the stabilisation presented in “Stabilisation” section.
Here, a fixed 40 x 40 mesh is used and the location of the boundary is at x5 = (34 + ¢)h
with the parameter 0 < ¢ < 1. A Neumann boundary condition at x5 is considered and,
hence, one has always a(”, u") > 0and Apmin > 0. One can clearly see that Amin € O(¢) for
small ¢ and for the non-stabilised case (note that the figure shows in fact the inverse ﬁ).
Clearly, the matrix condition number grows without bound. The stabilisation as outlined
in “Stabilisation” section, however, guarantees a constant value of Ani, well above zero.
The largest eigenvalues coincide for both cases.

Now we turn to the problem with a Dirichlet boundary condition at xs. Using the same
variation of the location of this boundary as above, Fig. 13 shows the smallest eigenvalue
Amin for the stabilised method and for the non-stabilised method for various values of
yo (recall that y = %). One can see that without stabilisation the considered minimal
eigenvalue changes sign for decreasing values of ¢ rendering the system matrix indefinite
(and singular when the zero is crossed). In order to force Amin > O one can increase
the value of yy, but for ¢ — 0 this value grows without bound and one gets effectively
Amax — 00 which likewise deteriorates the condition number of the matrix, as already
discussed in “Sources of instability” section.

Next, the stabilisation technique is applied to an unstructured mesh as shown in Fig. 14.
Note that this case is not covered by the original idea of this technique as given by [12]
which was only designed for b-spline basis functions on structured meshes. The left of
Fig. 15 shows the convergence of the stabilised method for linear triangle elements and

10
10 — Y
. === Amax
5 10 7 108 N ——mnot stabilised
£ % N —— stabilised
a 2 .
£ 10 2w
= 2
2 = 10* o)
2 1070 g
2 W
< [} .
’ 102
—— linear
10-7 ——quadratic | | remmmmmmmm e
10°
1072 107! 107 1077 107° 107* 107!
element size h cut element size €
Fig. 12 Neumann problem. Convergence for x5 = % (left) and smallest and largest matrix eigenvalues for a
fixed mesh width h = 0.025 and various boundary locations xs = (34 + )h
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Fig. 13 Dirichlet problem. Smallest eigenvalue for various boundary locations (h = 0.025 and
Xs = 34+ ¢e)h)

0.8 0.9

Fig. 14 Unstructured mesh. Varying location of the right boundary at xs

a fixed boundary location. Finally, the location of the boundary is varied again and the
condition number for a Neumann problem is considered in the right of Fig. 15. Whereas
in the non-stabilised case this value shows a very erratic behaviour with large peaks, the
condition number for the stabilised method is almost constant at a low value.

Now, an interface problem is considered. Figure 16 shows the computational domain
that is composed of a circular domain 2; embedded in a square domain €2;. On this

10° —— stabilised
7 ——not stabilised
5 10! § 10°
ot =<
£ 1072 £
5] ]
E g 4
% Z 10
2 107° g
2 2
2 2
< k=
104 3
<103 [ | W AV VAN VAT By
102 101 0.8 0.82 0.84 086 0.88 0.9
element size h boundary location xs

Fig. 15 Results for unstructured mesh. Convergence of the Neumann problem on the unstructured mesh
for fixed xs = % (left) and the matrix condition number for various boundary locations 0.8 < x5 < 0.9 (right)
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Fig. 16 Interface problem. Computational setup of a square with a circular inclusion (left), convergence
behaviour for different interface weights 8 (right); note that these curves are not distinguishable

domain, the Poisson problem —a;Au = 4 with material parameters «; = 1 and oy =
1000 is solved, subject to Dirichlet boundary conditions on the outer boundary 9<2;. The
geometric parameters are chosen as R = 0.75 and L = 2, respectively. This problem
together with its analytic solution is taken from [2]. In the right graph of Fig. 16 the
convergence behaviour is shown for different values of the interface weight factor . For
the three considered values 8 = 0, 0.5 and 1, the curves are indistinguishable. Also optimal
convergence rates are achieved for mesh sizes smaller than /# = 0.02.

At last, we consider the influence of the geometry representation. As outlined in “Con-
structive solid geometry modelling” section, we have to approaches available: the use of
a signed distance function representing the entire embedded surface and the successive
embedding of the geometry primitives that form the final model. For simplicity, consider
a square that coincides on two of its edges with the mesh boundary whereas the other two
are represented implicitly. Figure 17 shows the effect of the introduced two approaches in
the left and middle images, respectively. Clearly, the upper right corner is chamfered off
in the first approach, but represented exactly in the second. As a numerical problem we
have chosen —Au = 1 on a unit square subject to # = 0 on the lower and left boundaries
and du/0n = 0 on the other two boundaries. An analytic solution to this problem is

1072 F E
1074 E El
L £
S .
5} e
~ o O(h®
3 e ) |
[ —CSG
1076 | implicit
£ —— fully implicit
£ L L
10725 102 10745

element size h

Fig. 17 Influence of geometry representation. Implicit representations of a square (left: fully implicit, middle:
mesh-based CSG) together with the contour colours of the solution to a Poisson equation, convergence of L,
error (right)
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available, for instance in [45] in the context of Poiseuille flow in a rectangular channel.
The right graph in Fig. 17 shows the convergence rates for the two types of geometry
modelling. Clearly, optimal convergence rates are obtained for both cases. Nevertheless
the exact representation of the corner leads to a much smoother outcome with lower
approximation errors for coarse mesh sizes.

Mesh-embedded CSG

Here the domain as obtained by the CSG process of Fig. 6 is reconsidered, see also the left
of Fig. 18. The embedding domain is 2 = (0, 1)® and equipped with a uniform hexahedral
mesh. Following the mesh-based Boolean operations as introduced in “Constructive solid
geometry modelling” section, the immersed geometry is obtained by

1 intersection with a sphere of radius 0.65 and centred at (0.5, 0.5, 0.5), and
2 successive subtraction of cylinders around the same centre with radius 0.3 and in the
directions of the x;-coordinate axes.

Thus the domain 2 is obtained as shown in Fig. 18 and we assume that it is occupied by a
hyperelastic solid. In a first analysis, linearised elasticity is assumed and the convergence
is studied by using fundamental solution of elasticity U («, y) (see, for instance, [46]) as an
imposed analytic solution with a source point y located outside of the domain. Therefore,
on the bottom (x3 = 0) the boundary displacements &(x) = U (x, y) are prescribed and
the remaining boundaries are subject to the Neumann condition ¢ = #(U)(x, y). For
simplicity, the material parameters are chosen as A = 28.85 and p = 19.23. The right of
Fig. 18 shows the convergence of the displacement solution and of the computed volume
and surface area of the embedded domain. Quadratic convergence is observed for all
considered quantities.

Next, a compressible Neo-Hookean material model [22,23] with large deformations is
used, based on the strain energy density

A
W(F):5(10g1)2—ulogl+%(trC—3), J=detF and C=F'F, (3%

with the deformation gradient F = I + Grad #. The material parameters are the same
as in the linearised case above. For the example, the bottom boundary is held fixed and a
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Fig. 18 (CSG modelling. Embedded domain (left) and convergence behaviour of the displacement #, the
domain’s volume V and surface area A
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twisting traction field is applied to the top surface with value £ = 10(x; — 0.5, 0.5 — x1, 0).
The load is applied in 4 steps and within each step a Newton method is used to obtain
the equilibrium state. The deformed geometry for these four load steps is shown in the
images of Fig. 19 for a 40> grid of linear hexahedron elements.

Composite material

As alast example, the elastic deformation of a fibre-reinforced block of elastic material is
considered. A block of dimension L x %L x L is reinforced by inclined fibres placed with
a main axis separation of % The fibres are represented by cylinders with radius % The
three-dimensional setup is shown in the left of Fig. 20 and on the right a two-dimensional
view of the problem is depicted. The bottom surface is held fixed and the top surface
is constrained in normal direction. The left and right surfaces are subject to a constant
traction field £ in normal direction. The discretisation is carried out by a fixed mesh of
dimension 50 x 20 x 50 as indicated on the back faces of the three-dimensional view. For
comparison, we monitor the average horizontal displacement

1
Ul = @/ﬂul(x)dQ (39)

throughout the composite body for a variety of fibre angles —35° < o < 35°. Both
domains ©; and Q2 have the hyperelastic material law according to the energy (38) and

<L 1T 1] 1]
A A Y A A A A
h

¢/5p

Fig. 20 Fibre-reinforced material. Three-dimensional view (left) and front view (right); in this drawing
a=10°
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Fig.21 Computational analysis of fibre-reinforced material. Deformed geometry with fibres coloured by S33
fora = —35° (top left), a = 0° (top right), and @ = +35° (bottom left); average horizontal displacement U,
for various fibre angles (bottom right)

the computations are carried out with large deformations. For comparison, a linearised
situation is also considered.

The model parameters are chosen as L = 1 and £ = (1, 0, 0). The materials are repre-
sented by the Lamé parameters 11 = 5.769, u; = 3.846, Ao = 10A; and pup = 10pu,. Fig-
ure 21 shows the deformed configuration for fibre angles« = —35°, = 0° and o = +35°.
In addition, the analysis of the average horizontal displacement U as a function of the
considered fibre angles « is shown for the Neo-Hooke material and linearised elasticity.
Although there are similarities between the large-deformation analysis and the linearised
version, striking differences can be observed too. Most of all, the linear variant is com-
pletely symmetric with respect to the sign of & and has its largest value for @ = 0°. In the
large-deformation variant, on the other hand the result is a larger deformation for the nega-
tive fibre angles and smaller for positive angles. Overall, the body behaves less flexibly in the
nonlinear analysis, but with a strong bias to an increased flexibility for negative fibre angles.

Conclusions

Immersed finite element methods, that do not rely on a body-fitted mesh, are a promising
alternative to conventional FEM for many applications. Especially in the case of complex
three-dimensional geometries, moving interfaces, or design optimisation such methods
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allow for more flexible geometry processing and remove the repeated interaction with
mesh generation software. Here, we present an immersed FEM for the problem class
of nonlinear elasticity, based on a weak incorporation of Dirichlet boundary conditions
and interface conditions with Nitsche’s method, an implicit geometry representation and
accurate integration of the arising cut elements. We place emphasis on the implementa-
tion details such as the robust computation of the signed distance function and quadrature
by means of tessellation. A common pitfall of non-body-fitted FEM, the loss of numerical
stability in situations with degenerate function support, is analysed and we provide a sta-
bilisation technique that is robust without affecting the convergence behaviour. Moreover,
the choice of the parameters in the context of Nitsche’s method are thoroughly discussed.

We demonstrate a way to incorporate sharp features such as edges and vertices in our
method by means of successively embedding the geometry primitives into the analysis
mesh in a similar way as in constructive solid geometry modelling. Based on this idea,
geometry modelling is directly integrated in the finite element analysis and there is no
need for a mesh generation tool. The presented applications emphasise the potential of
this approach, where large deformation analyses are carried out based on a trivial Cartesian
background mesh.

A present shortcoming of the introduced approach is the restriction to linear approx-
imation orders. Although the field approximation used in this FEM can be of arbitrary
order, a gain in convergence order would be impeded by the geometry representation
based on linear facets. In principle, the use of more accurate signed distance functions
and the subsequent adaptation on the quadrature level to account for embedded higher-
order surface representations is feasible.

Finally, we note that the presented method is ideally suited for the incorporation of /-
adaptivity. A combination of this immersed FEM with hierarchical refinement techniques
as shown, for instance, in [47] would render a powerful analysis toolbox, which yields
accurate numerical predictions based only on the input of geometry primitives.
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Appendix A: method parameters y and 8

In the following, estimates for the parameters y (Penalty weighting parameter first appear-
ing in (8)) and B (interface weighting parameter first appearing in (13)) are derived. These
parameters only make sense with the Finite Element discretisation as the final goal. With a
slight abuse of notation, the functions used in the following have to be understood as dis-
crete FE solutions, but for simplicity the superscripts, for instance of ", have been omitted.
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Dirichlet boundary conditions

We develop an estimate for the parameter y appearing in the linearised weighted residual
equation (9). The material behaviour is assumed to be such that Da(u, v)[Au] is an elliptic
bilinear form. The aim is to show that A(u; w, w) > 0 for any w # 0, where u is the current
displacement solution. This gives

A(u; w, w) = Da(u, w)[w] — 2/

Dt(u)[w] - wdl' + )// w-wdl
I'p

p
> Da(u, w)[w] — 2| De@) W, Iwlr, + v Wi,

> Da(u, w)[w] — 2C/Da(u, w)W]|wlr, + vIlwlE,
2
= (VDa(ww)wl — Clwlir,) + (v = CHIwI?, - (40)

Here, ||w|r,, is the Ly-norm over the Dirichlet boundary I'p. The Cauchy-Schwarz
inequality has been used from the first to the second line and, most importantly, the
third line is based on the inverse inequality

C*Da(u, w)[w] > |Dt(w)[w]||Z, - (41)

This type of estimate is also presented in [3] for the case of Poisson’s equation. Knowledge
of the constant C gives rise to the choice y > C? which renders the last line in (40)
positive. Inserting the finite element trial functions (20) into (41) leads to the condition
CDatu, eap)levy)] = | Dtwlessi] - Dewless dr @2)
I'p
for all coordinate directions e;, 0 < a < ny, and all shape functions ¢;. Obviously, this
condition is only non-trivial if the supports of ¢; and ¢y overlap each other and intersect
with the Dirichlet boundary I'p. Therefore, we use the following abbreviations for these
domain and boundary intersections

Qp = Q2N (supp(er) Nsupp(yy)) and I'y = Ip N (suppler) N supp(ey)). (43)

The left-hand side of (42) can be re-written as

Da(u, ea01)leses] = / Grad(e,y): C(): Grad(eagr)d2, (44)
Q]]

and the right-hand side becomes

/1" [(C(u): Grad(ea<p1)) n] . [(C'(u): Grad(ebgoj)) n] dr
V/

= / (C‘(u): Grad(e,¢;)) (n®@n) : (C(u): Grad(eb(p]))—r dr
F[/

< / (C(u): Grad(eqqr)) : (C(u): Grad(eppy)) dT. (45)
Abbreviating the integrands in (44) and (45) with ;}b] and f, r1b]’ we obtain for the inverse
inequality

c? / fayd = / FaydT- (46)

Assuming continuity of the integrands, the mean value theorem of integration states that
two points § € Qpy and 5 € 'y exist such that the estimate becomes

r
2> Jary 1Ty |

. 47
T Sy ® 12 )
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Without assumptions on the shape functions ¢; and the material behaviour, we cannot
further reduce the ratio of the evaluated integrands. Nevertheless, if o« denotes a charac-
teristic material behaviour (for instance the bulk modulus), it is clear from (44) and (45)
that this ratio scales like %2 = «a. Here, we focus on controlling the second part of the
right hand side of the estimate (47). Using a standard finite element basis, there are con-
stellations in which €5 — 0, whereas I'jy does not decrease: see, for instance the sliver
test case in [16].

Employing the proposed stabilisation technique from “Stabilisation” section, where
critical shape functions are essentially joined with neighbouring ones that have a non-
degenerate support, the above geometric ratio can be safely estimated as

r |

Mol 2 _ 2 (48)

|Q]]| h'd h
because the support sizes of the stabilised basis functions @ never fall below the stabil-
isation threshold $ which is of order /#"4. In conclusion, we can state that there exists a
constant yp independent of the material and the mesh size 4, such that

o

y=ry >C (49)

and, in turn, A(u; w, w) > 0, see estimate (40).

Interface conditions

Next, we assess the choice of parameters in the linearised weighted residual equation (19)
for the interface problems. To this end, the steps of (40) are repeated in an analogous
manner with the function w = (w1, wy) and yield the estimate

Alu; w, w)

> (\/Dﬂl(ub w1)[wi1] + Daa(ua, wo)[wa] — D||[w] ||1“)2 +(y = DHIWIIE,
(50)

which is positive for w; # 0 and y > D?. Here, D is the constant of the inverse estimate
D? (Day (u1, w1)[w1] + Das(ua, wa)[w])
> / {BDE(u1)[w1] + (1 — B)Dt(un)[w]}* . (51)
r
Using the “Peter-Paul inequality” with some § > 0 (that is, the estimate 2ab < §a®+8~1b?)
one gets
D? (Day (w1, w1)[w1] + Das(uz, w3)[w2))
> (1488 [ Dela)wa) 40+ +57)(1 - 7 [ D widr. 62
r r
Let C; denote the constant of (41) for the subdomain €2;, choose § = ((1— ,3)2C22)/(,32C12),
and insert the inverse inequality (41) into the last expression in order to get
D? > pCY + (1= B)°C;. (53)
Based on the discussion above we know that the stabilisation technique given in “Stabilisa-
tion” section keeps the values of C; bounded: therefore D according to (53) is well-behaved,
independent of the choice of 0 < B < 1. Nevertheless, in [43] a parameter choice for j

is presented which keeps the value of D bounded even for a non-stabilised finite element
basis. Their choice is, adapted to the notation used here, = C|° L (cy 1y Cy 1) and this
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value controls nicely the right-hand-side of expression (53) for unbounded values of C;
(note that in case of geometric constellations for which C; is large the counterpart Cy is
small, and vice versa). But it has to be remarked that in certain types of applications (e.g.
fluid-structure interaction [48]) it is convenient to freely choose the parameter g without
stability restrictions. Moreover, this special choice of 8 maintains A(u; w, w) > 0 for a
finite value of y, but does not prevent unbounded values of the condition number of the
system matrix. With the here presented stabilisation technique, the choice of 8 does not
affect stability and y = yp(o1 +o2)/h provides a safe choice for the characteristic material
parameters ;.

Received: 29 March 2016 / Accepted: 7 July 2016
Published online: 22 July 2016

References

1. Cottrell JA, Hughes TJ, Bazilevs Y. Isogeometric analysis: toward integration of CAD and FEA. New York: Wiley; 2009.

2. Hansbo A, Hansbo P. An unfitted finite element method, based on Nitsche’s method, for elliptic interface problem.
Comput Methods Appl Mech Eng. 2002;191:5537-52.

3. Dolbow J, Harari I. An efficient finite element method for embedded interface problems. Int J Numer Methods Eng.
2009;78:229-52.

4. Sanches R, Bornemann P, Cirak F. Immersed b-spline (i-spline) finite element method for geometrically complex
domains. Comput Methods Appl Mech Eng. 2011;200(13):1432-45.

5. Ruberg T, Cirak F. An immersed finite element method with integral equation correction. Int J Numer Methods Eng.
2011;86:93-114.

6. Ruberg T, Cirak F. Subdivision-stabilised immersed b-spline finite elements for moving boundary flows. Comput
Methods Appl Mech Eng. 2011;209-212:266-83.

7. Nitsche J. Uber ein Variationsprinzip zur Lésung von Dirichlet-Problemen bei Verwendung von Teilrdumen, die keinen
Randbedingungen unterworfen sind. In: Abhandlungen aus dem Mathematischen Seminar der Universitat Hamburg,
vol. 36. Berlin: Springer; 1971. p. 9-15.

8. Em A Guermond JL. Theory and practice of finite elements, vol. 159. Berlin: Springer; 2004.

9. Courant R. Variational methods for the solution of problems of equilibrium and vibrations. Bull Am Math Soc.
1943;49(1):1-23.

10. Babuska I. The finite element method with Lagrangian multipliers. Numerische Mathematik. 1973;20(3):179-92.

11. Fries T-P, Belytschko T. The extended/generalized finite element method: an overview of the method and its applica-
tions. Int J Numer Methods Eng. 2010;84(3):253-304.

12. Hollig K, Reif U, Wipper J. Weighted extended B-spline approximation of Dirichlet problems. SIAM J Numer Anal.
2001;39:442-62.

13. Legrain G, Allais R, Cartraud P. On the use of the extended finite element method with quadtree/octree meshes. Int J
Numer Methods Eng. 2011,86(6):717-43.

14. Schillinger D, Dedé L, Scott MA, Evans JA, Borden MJ, Rank E, Hughes TJR. An isogeometric design-through-analysis
methodology based on adaptive hierarchical refinement of nurbs, immersed boundary methods, and t-spline CAD
surfaces. Comput Methods Appl Mech Eng. 2012;249-252:116-50.

15. Hoallig K, Reif U. Nonuniform web-splines. Comput Aided Geom Des. 2003;20(5):277-94.

16. Burman E, Hansbo P. Fictitious domain finite element methods using cut elements: II. A stabilized Nitsche method.
Appl Numer Math. 2012,62(4):328-41.

17. Ruberg T, Cirak F. A fixed-grid b-spline finite element technique for fluid-structure interaction. Int J Numer Methods
Fluids. 2014;74:623-60.

18. Ruberg T, Aznar JMG. Numerical simulation of solid deformation driven by creeping flow using an immersed finite
element method. Adv Model Simul Eng Sci. 2016;3(1):1-31.

19. Bandara K, Ruberg T, Cirak F. Shape optimisation with multiresolution subdivision surfaces and immersed finite
elements. Comput Methods Appl Mech Eng. 2016;300:510-39.

20. Hansbo A, Hansbo P. A finite element method for the simulation of strong and weak discontinuities in solid mechanics.
Comput Methods Appl Mech Eng. 2004;193(33):3523-40.

21. Mergheim J, Steinmann P. A geometrically nonlinear FE approach for the simulation of strong and weak discontinu-
ities. Comput Methods Appl Mech Eng. 2006;195(37):5037-52.

22. Holzapfel GA. Nonlinear solid mechanics: a continuum approach for engineering. New York: Wiley; 2000.

23. Wriggers P. Nonlinear finite element methods. Berlin: Springer; 2008.

24. OrtizM, Pandolfi A. Finite-deformation irreversible cohesive elements for three-dimensional crack-propagation analy-
sis. Int J Numer Methods Eng. 1999,44(9):1267-82.

25. Hollig K, Reif U, Wipper J. B-spline approximation of Neumann problems. Technical report. Germany: University of
Stuttgart; 2001.

26. Jones M, Baerentzen JA, Sramek M. 3D distance fields: a survey of techniques and applications. IEEE Trans Vis Comput
Graph. 2006;12(4):581-99.

27. Piegl L, Tiller W. The NURBS book. 1997. Monographs in visual communication. Berlin: Springer; 1997.

28. Jorg P, Reif U Subdivision Surfaces. Geometry and Computing, vol 3. Berlin: Springer; 2008. doi:10.1007/
978-3-540-76406-9.


http://dx.doi.org/10.1007/978-3-540-76406-9
http://dx.doi.org/10.1007/978-3-540-76406-9

Riiberg et al. Adv. Model. and Simul. in Eng. 5¢i.(2016)3:22

29.

30.

31

32.

33.

34

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

Cirak F, Ortiz M, Schroder P. Subdivision surfaces: a new paradigm for thin-shell finite-element analysis. Int J Numer
Methods Eng. 2000;47(12):2039-72.

Pabst HF, Springer JP, Schollmeyer A, Lenhardt R, Lessig C, Froehlich R. Ray casting of trimmed NURBS surfaces on the
GPU. In: Knoll A, Wald |, Parker S, Hansen C, editors. IEEE Symposium on interactive ray tracing. Piscataway: [EEE; 2006.
p. 151-60.

Shapiro V. Real functions for representation of rigid solids. Comput Aided Geom Des. 1994;11(2):153-75.

Ericson C. Real-time collision detection. Boca Raton: CRC Press; 2004.

Mauch SP. Efficient algorithms for solving static Hamilton-Jacobi equations. PhD thesis. Pasadena: Calinfornia Institute
of Technology; 2003.

Rank E, Ruess M, Kollmannsberger S, Schillinger D, Duster A. Geometric modeling, isogeometric analysis and the finite
cell method. Comput Methods Appl Mech Eng. 2012;249-252:104-15.

Pasko A, Adzhiev V, Sourin A, Savchenko V. Function representation in geometric modeling: concepts, implementation
and applications. Vis Comput. 1995;11(8):429-46.

Duff T. Interval arithmetic recursive subdivision for implicit functions and constructive solid geometry. In: ACM
SIGGRAPH computer graphics, vol. 26. New York: ACM; 1992. p. 131-38.

Sukumar N, Chopp DL, Moés N, Belytschko T. Modeling holes and inclusions by level sets in the extended finite-
element method. Comput Methods Appl Mech Eng. 2001;190(46):6183-200.

Kobbelt LP, Botsch M, Schwanecke U, Seidel HP. Feature sensitive surface extraction from volume data. In: Pocock
L, editor. Proceedings of the 28th annual conference on computer graphics and interactive techniques. New York:
ACM; 2001. p. 57-66.

Song X, Juttler B. Modeling and 3D object reconstruction by implicitly defined surfaces with sharp features. Comput
Graph. 2009;33(3):321-30.

Mdiller B, Kummer F, Oberlack M. Highly accurate surface and volume integration on implicit domains by means of
moment-fitting. Int J Numer Methods Eng. 2013;96(8):512-28.

Sudhakar Y, de Almeida JM, Wall WA. An accurate, robust, and easy-to-implement method for integration over
arbitrary polyhedra: application to embedded interface methods. J Comput Phys. 2014,273:393-415.

Duster A, Parvizian J, Yang Z, Rank E. The finite cell method for three-dimensional problems of solid mechanics.
Comput Methods Appl Mech Eng. 2008;197(45):3768-82.

Annavarapu C, Hautefeuille M, Dolbow JE. A robust Nitsche's formulation for interface problems. Comput Methods
Appl Mech Eng. 2012;225:44-54.

Rangarajan R, Lew AJ. Universal meshes: a method for triangulating planar curved domains immersed in noncon-
forming meshes. Int J Numer Methods Eng. 2014;98(4):236-64.

White FM, Corfield I. Viscous fluid flow, vol. 3. New York: McGraw-Hill; 2006.

McLean WC. Strongly elliptic systems and boundary integral equations. Cambridge: Cambridge University Press; 2000.
Bornemann P, Cirak F. A subdivision-based implementation of the hierarchical b-spline finite element method.
Comput Methods Appl Mech Eng. 2013;253:584-98.

Bazilevs Y, Hsu M-C, Scott M. Isogeometric fluid-structure interaction analysis with emphasis on non-matching
discretizations, and with application to wind turbines. Comput Methods Appl Mech Eng. 2012;249:28-41.

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com

Page 28 of 28



	An unstructured immersed finite element method for nonlinear solid mechanics
	Abstract
	Background
	Weak enforcement of boundary and interface conditions
	Boundary value problems of nonlinear solid mechanics
	Material interfaces

	Immersed finite element method
	Finite element discretisation
	Signed distance functions
	Constructive solid geometry modelling
	Numerical stability
	Sources of instability
	Stabilisation


	Numerical examples
	Convergence and robustness analysis
	Mesh-embedded CSG
	Composite material

	Conclusions
	Acknowledgements
	Appendix A: method parameters γ and β
	Dirichlet boundary conditions
	Interface conditions

	References




